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We explore fundamental questions about the renormalization group through a detailed re-
examination of Feigenbaum’s period doubling route to chaos. In the space of one-humped maps,
the renormalization group characterizes the behavior near any critical point by the behavior near
the fixed point. We show that this fixed point is far from unique, and characterize a submanifold
of fixed points of alternative RG transformations. We build on this framework to systematically
distinguish and analyze the allowed singular and ‘gauge’ (analytic and redundant) corrections to
scaling, explaining numerical results from the literature. Our analysis inspires several conjectures
for critical phenomena in statistical mechanics.
I. INTRODUCTION
The renormalization group (RG) describes continuous
phase transitions exhibiting scale-invariant fluctuations
by a flow in a system space under a transformation that
coarse-grains and rescales. Systems at their critical point
form a critical manifold in system space. Points on the
critical manifold share universal exponents and scaling
functions because they flow to a common RG fixed point.
We shall address three fundamental questions here,
each with a long history in the renormalization group.
#1 Is the RG fixed point unique? If not,
#2 Can any critical point serve as an RG fixed point?
If not,
#3 What differentiates the subset of critical points that
can serve as RG fixed points?
We shall answer these questions in the context of the
period-doubling onset of chaos. We shall then apply these
answers to characterize the corrections to scaling for sys-
tems that are near to the critical point. Our examina-
tion of period doubling is inspired by parallel questions
in thermodynamic critical phenomena. The results of the
analysis of period doubling inspires some conjectures for
thermodynamics.
II. FEIGENBAUM’S RG FOR PERIOD
DOUBLING
The period doubling transition is a famous example
of the application of the RG to dynamical systems the-
ory. The form of the RG was first worked out by Feigen-
baum [1] who showed how the behavior of a a class of
iterated maps had universal characteristics. Since then,
this kind of analysis has been extended and applied to
other maps [2, 3]. The archetypal example is that of the
∗ sethna@lassp.cornell.edu
logistic map defined by f(x) = 4µx(1− x). It is conven-
tional to translate the map so that the maximum is at
the origin rather than at x = 1/2. The symmetrized map
that we use in this paper is then defined by
g(x) = 1− µx2 (1)
For small values of µ, there is a stable fixed point at
some value x∗. As the value of the parameter µ is in-
creased, a stable 2-cycle appears followed by a sequence
of bifurcations at parameter value µn with a stable 2
n
cycle. Eventually, this sequence converges to a point µ∞
where you get a transition to chaotic motion. The bi-
furcation diagram for the period doubling transition is
showing in the Figure 1. The sequence of µn converge
geometrically, µn − µ∞ = ∆µn ∝ δ−n, with δ being a
universal constant. It is easier to calculate the scaling
form of the superstable points µsn which occur roughly
midway between two bifurcation points. It is also possi-
ble to consider the scaling of the ‘results’ variable x, the
distance between the 2n−1 cycle and the line x = 0 has a
leading order behavior ∆xn ∝ 1/αn (see Figure 1). The
bifurcation diagram displays both universality and self-
similarity. Any other one-humped map with a quadratic
maximum shows the same sequence of bifurcations.
The RG operator in period doubling for the ‘trans-
lated’ map is given by both coarse graining and rescaling,
T [g(x)] = αg(g(x/α)). The fixed point is given by the
whole function g∗(x). The operator T can be linearized
close to the fixed point. Its largest eigenvalue δ explains
the leading scaling behavior ∆µsn ∝ 1/δn. Here, we will
consider corrections to this result with an aim to answer
some of the questions raised in the first paragraph.
III. IS THE FIXED POINT UNIQUE?
First, let us give the answer in thermodynamics. There
are several different ways to coarse grain a physical sys-
tem. Coarse graining in momentum space leaves you at
a fixed point which is different from a fixed point that
coarse grains in real space. For example, anisotropy due
to the lattice for an Ising model will not vanish in the
real space renormalization group (RG) whereas it will be
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FIG. 1: A figure of the bifurcation diagram of the
period doubling transition. This is a plot of the fixed
points and n cycles at different values of x as a function
of the parameter µ of the map given in the text. The
intersection of the bifurcation diagram with the dashed
line at x = 0 gives the super-stable orbits. There are
two predictions in the RG, the spacing between
subsequent superstable points given by ∆µsn and the
vertical distance between the 2n−1 cycle and the line
x = 0 given by ∆xn for which we derive the scaling
form. The vertical width of the lines in blue give the
∆xn and the horizontal coordinate of the green markers
gives the values of µsn (see main text for definitions).
washed out if the coarse graining is done with spheri-
cal cutoffs in momentum space. Thus, the momentum
space and real space RG must lead to different fixed
point Hamiltonians. This answers question #1: The
fixed point is not unique.
The fixed point can be moved by changing variables
in the degrees of freedom (i.e., not the control param-
eters). Such a change of variables leads to ‘redundant
variables’ explored by Wegner [4] in detail. They arise
when considering a change of coordinates in the degree of
freedom. So, for example, the cubic term in the Hamilto-
nian of the Ising model does not contribute to the scaling
behavior because it can be removed by a change of coor-
dinates [5]. The statistical mechanics literature therefore
usually ignores the effect of these variables on the scaling
behavior.
What is the equivalent of these redundant variables
in period doubling? Let a change of coordinate be
y = φ(x). This induces a map g˜(y) = φ(g(φ−1(y))). Nat-
urally, this leads to a new fixed point function g˜∗(y) =
φ(g∗(φ−1(y))). The space of transformations φ thus gen-
erates a family of fixed points. Each of these fixed
points have an associated renormalization group flow
T˜ = φ ◦ T ◦ φ−1. Since the fixed points depend on a
coordinate choice x, we choose to call the associated cor-
rections gauge corrections to scaling.
Gauge invariance in electromagnetism can be viewed
as a spatially-varying change of coordinates in the phase
of the quantum wave function. Gauge transformations in
general relativity are just coordinate transformations [6].
Coordinate changes in other systems (e.g., models of
moving interfaces [7]) are also naturally described as
gauge transformations. Here the universal predictions
correspond to those quantities that are gauge-invariant –
independent of changes of coordinates in the parameters
(either control parameters or predictions of the theory).
Those corrections to scaling that depend on the choice of
coordinates (e.g., not gauge invariant) we shall call gauge
corrections to scaling, to distinguish them from singular
corrections to scaling due to fundamentally new irrele-
vant operators under the RG, and from logarithmic and
other anomalous scaling forms due to universal but non-
linear terms in the renormalization-group flow [8].
IV. CAN ANY CRITICAL POINT SERVE AS
AN RG FIXED POINT?
This leads to question #2: Can any critical point serve
as an RG fixed point? In thermodynamics, an early nu-
merical study by Swendsen was based on changing the
form of the RG to change the 2D Ising critical point
to be the fixed point [9]. However, Fisher and Rande-
ria [10] argued that the fixed point was distinguished, up
to redundant variables, as the point that has no singular
corrections to scaling. The singular corrections to scal-
ing came from irrelevant variables with universal critical
exponents.[11]
To answer this question in period doubling, we consider
an arbitrary change of coordinates y = φ(x) and apply
the original renormalization group transformation T on
the new fixed point g˜∗ (following Ref. [12]), generating a
space of ‘redundant’ (gauge) variables.
T [g˜∗](x) = α(φ(g∗(g∗(φ−1(α−1x))))) (2)
To make progress, let the coordinate change have the
infinitesimal form φ(x) = x + Ψ(x). The inverse trans-
formation φ−1(x) = x − Ψ(x). At the fixed point
α(g∗(g∗(x/α))) = g∗(x). Taking a derivative of this
equation gives g∗′(g∗(x/α)))g∗′(x/α) = g∗′(x). We can
expand to linear order in 
T [g˜∗](x) = α(φ(g∗(g∗(φ−1(x/α))))), (3)
= g∗(x) + α
(
Ψ(g∗(x)/α)− (Ψ(x/α)) g∗′(x)) .
(4)
Let Ψ(x) have a Taylor series Ψ(x) =
∑
p Ψpx
p. We
then get
T [g˜∗](x)− g∗(x) =
∑
p
α1−p(g∗(x)p − g∗′(x)xp). (5)
Hence the space of such equivalent fixed points have
eigenvalues α1−p with eigenfunctions given by g∗(x)p −
g∗′(x)xp. The odd eigenvalues[13] are given numeri-
cally by {1.00, 0.16, 0.0255, ...}. Feigenbaum, in his orig-
inal derivation of these irrelevant eigenfunctions [12],
3conjectured that they spanned the function space –
that all of the irrelevant eigenvalues in period dou-
bling are gauge-irrelevant in our nomenclature (a con-
jecture equivalent to Swendsen’s assumption). A numer-
ical computation of the eigenvalues at the fixed point,
{4.67, 1.00, 0.160,−0.124,−0.0573, 0.0255, ...} [14], shows
that only some of them are given by by powers of α
(‘gauge’ eigenvalues underlined above). Others are fun-
damentally new numbers which cannot be written down
in terms of already known eigenvalues (singular irrelevant
eigenvalues). The only relevant eigenvalue is the first one
given by δ ≈ 4.67. Thus not all critical points can serve
as RG fixed points.
Our analysis of period doubling suggests an alternative
approach to the understanding of redundant variables in
statistical mechanics. Redundant variables are (usually)
irrelevant variables which contribute to the corrections
to scaling of the results of the RG. However, they do not
lead to any new eigenvalues. Their ‘gauge’ eigenvalues
can be written in terms of some linear combination (or
in this discrete case, by some product) of already known
eigenvalues. Other irrelevant variables that have fun-
damentally new eigenvalues contribute genuine singular
corrections to scaling. Hence, some of the variables in
the renormalization group are like a gauge choice. Hav-
ing fixed a gauge, it contributes to the observed behav-
ior. Thus we discriminate between genuine singular cor-
rections to scaling and gauge irrelevant corrections to
scaling, both of which come from irrelevant variables.[15]
Based on this analysis, we conjecture that Randeria and
Fisher’s answer to question #3 is general: Critical points
that can serve as RG fixed points have no singular cor-
rections to scaling, excluding gauge-irrelevant corrections
due to redundant coordinate changes in the results.
V. SINGULAR AND REDUNDANT
FOLIATIONS OF CRITICAL MANIFOLD:
NORMAL FORM THEORY.
Our work here is part of a larger effort to systematize
corrections to scaling in critical phenomena by using nor-
mal form theory [8]. In previous work, we considered
changing coordinates in the control parameters. These
changes of coordinates systematically generate the singu-
larity at the critical point (including singular corrections)
and the analytic and redundant corrections to scaling
(which we call ‘gauge’ corrections).
Corrections to scaling in statistical mechanics were
first explained by Wegner [16] and Aharony and
Fisher [17] who physically interpreted nonlinear terms in
the RG as analytic corrections to scaling. Analytic cor-
rections to scaling come from nonlinear terms in the RG
or from coordinate changes in the control variables (like
the magnetic field and temperature in an Ising model,
and µ in period doubling). Normal form theory allows us
to see the equivalence of these two. The redundant vari-
ables, mentioned above, come from coordinate changes in
the results (like magnetization in the Ising model, or x
in period doubling). They correspond to eigendirections
which are (usually) irrelevant. Analytic and redundant
variables are treated completely differently by the RG,
but physically have very similar origins. The model and
experiment use different coordinate systems to control
and measure physical quantities.
The period doubling case allows one to not only see
this similarity but also to discriminate between redun-
dant (gauge) and singular corrections (see Figure 2). A
generic system has complicated RG flows with its fixed
point having both singular and gauge corrections to scal-
ing. We first choose an appropriate set of coordinates in
the results variable that moves the fixed point to set all
of the gauge corrections to zero. This confines the flow
to a manifold which has only singular corrections. The
set of all such manifolds which correspond to different
fixed points foliate the complete space. In this manifold
where all gauge variables are set to zero, we change coor-
dinates in the parameters to the normal form that make
the flows as simple as possible [8]. This gives the lead-
ing singularity at the critical point which experimental
data can be fit to. Finally, corrections to scaling can be
systematically incorporated by letting the normal form
coordinates be an arbitrary Taylor series of the experi-
mental coordinates.
If the predictions that we are making involve the re-
sults variable x, then the experimental data will gener-
ically have all possible corrections to scaling (including
all of the gauge corrections). If, however, the predictions
only involve the parameter µ, then the gauge corrections
in the results will not matter. We now illustrate the
above procedure by deriving the full corrections to scal-
ing for the RG of period doubling.
VI. CORRECTIONS TO SCALING IN PERIOD
DOUBLING: SINGULAR VS. GAUGE.
Corrections to scaling in period doubling have been
considered before [18–21]. While an ad-hoc form of the
corrections was presented in Ref. [18], the singular cor-
rections to scaling coming from the irrelevant eigenvalues
within the linear RG was derived in Refs. [19, 21]. Here,
we derive a more complete form of the corrections to scal-
ing to compare how singular and gauge corrections ap-
pear in the physical predictions. As explained above, we
set the gauge corrections to zero by choosing coordinates
appropriately. Then, on the manifold with no gauge cor-
rections to scaling, we move to normal form coordinates
which linearize the RG flow.
Going to the normal form coordinates leads to an enor-
mous simplification. The RG has nonlinear terms which
are now absorbed in a coordinate change. We explain
when this can be done in Ref. [8]. Briefly, we can ab-
sorb all nonlinear terms in the RG in the absence of res-
onances. These resonances happen for continuous (dis-
crete) RG flows when certain integer combinations (prod-
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FIG. 2: Renormalization group on the critical manifold: changing coordinates. (a) The traditional RG
predicts scaling behavior for the logistic map (green dot) because it flows geometrically to a fixed point (orange dot)
under rescaling. The behavior is universal because almost all critical one-humped maps flow to the same fixed point.
The dark solid line is a singular irrelevant direction without gauge corrections. The dark dashed line corresponds to
gauge (redundant) perturbations; it is the submanifold of allowed fixed points for different RG choices. (b) By
changing coordinates in the results variable y = φ(x) we can flow to a different fixed point (red dot). For the
coordinate choice shown, the gauge corrections to scaling vanish for the logistic map (green dot). The light solid
lines, flowing along singular directions to the various RG fixed points, foliate the space into submanifolds.
(c) Finally, we can change to normal form coordinates (Section V). Here the flow at the RG fixed point is
hyperbolic, and the normal flow on the singular submanifold becomes completely linear.
ucts) of eigenvalues are zero (one). We hypothesize that
the singular corrections to scaling in period doubling have
no resonances. In this case, the flow can be completely
linearized and the fixed point is called hyperbolic. We
use the existence of a coordinate system where the flow
is linear to characterize the corrections to scaling.
Let us start by considering corrections to scaling for
the values ∆µsn in Fig. 1. We denote the linearization of
T by TL. The critical point is at the value of µ = µ∞.
Let ∆µ = µ − µ∞. We denote the normal form coordi-
nates with a ∼. We denoted the redundant eigenfunc-
tions above by Ψp(x). We will denote the eigenfunctions
which are genuinely singular by Φp(x) and the associated
eigenvalues by λp. In our coordinates, then
TL[gµ − g∗](x) = ∆µ
∑
p
a˜pλpΦp(x) (6)
Now, let us act with the operator n times, so
T nL [gµ − g∗](x) = ∆µ
∑
p
a˜pλ
n
pΦp(x) (7)
If g has a 2n cycle, with µ = µn, then the application of
T n has a defined value at x = 0, so∑
p
∆µsna˜pλ
n
pΦp(0) = c, (8)
where c is a constant. We redefine constants a˜p →
a˜p/Φp(0) to absorb Φp(0). This gives∑
p
(a˜p∆µ
s
n)λ
n
p = 1. (9)
Now, to include any corrections from the nonlinear
regime of the RG, we assume that the coefficients a˜p have
FIG. 3: The blue line shows the function parameterized
by µ with a fixed point at µ∞ shown as a green disk.
The n cycles are shown as smaller dark green disks lie
geometrically spaced on the line. The vector ~a(µ) gives
the amplitude of the irrelevant eigenfunctions as a
function of µ. The red disk is the fixed point in the
space with redundant variables set to 0. The RG flows
are shown in black.
a series expansion a˜p = a
(0)
p + a
(1)
p ∆µsn + .... This is pic-
torially represented in Figure 3. Along the line parame-
terized by µ the function gµ(x) has different amplitudes
of the coefficients ap(µ). So, the final expression now
implicitly gives the scaling behavior of ∆µsn
∆µsn =
1
(
∑
p(a
(0)
p + a
(1)
p ∆µsn + ...)λ
n
p )
. (10)
The above equation can be solved order by order in ∆µsn.
The most useful result is directed at an experimentalist,
what are the terms that give the corrections to scaling
and how many independent coefficients are there to fit
to the results? The expression in Equation 10 is best
5studied perturbatively. The lowest order expression is
∆µsn =
1
(a
(0)
1 δ
n)
. (11)
We use the freedom to rescale ∆µ to set a
(0)
1 = 1. We will
organize terms by powers of δ−n. Then the next order
expression is
∆µsn =
1
δn
1− a(1)1
δn
+
∑
p 6=1
a(0)p λ
n
p/δ
n
 . (12)
So far, the number of independent coefficients equal the
number of new terms. At the next order, we get a much
more complicated expression. The expression for ∆µsn is
∆µsn =
1
δn
1− 1
δn
∑
p 6=1
λnpa
(0)
p + a
(1)
1

+
1
δ3n
∑
p,q 6=1
λnpλ
n
q a
(0)
q a
(0)
p

+
1
δ3n
3∑
p 6=1
λnp (a
(0)
p a
(1)
1 − a(1)p ) + (2(a(1)1 )2 − a(2)0 )

(13)
As can be seen, corrections to this order add more terms
than coefficients (e.g. if we kept only two of the irrelevant
eigenvalues, it would lead to 6 new terms but only three
new coefficients). The coefficients of the various terms
have a somewhat complicated relationship between them.
We expect this to be true at higher orders as well though
we have not yet found a general expression for the cor-
rections to scaling at arbitrary order. At each order, the
corrections to scaling with the relationship between the
various terms can be derived perturbatively. There are
several things to notice in this expression for ∆µsn. One,
there are certain terms that go as 1δin for integer i. These
can be viewed as analytic corrections to the relevant vari-
able µ. Second, the correction to scaling does not involve
the result in any way and so it should be independent of
the gauge corrections to scaling in the results. Chang-
ing coordinates in x should not affect the expression for
∆µsn. Hence, powers of α should not be observed in the
corrections to scaling for ∆µsn (that is, Equation 6 does
not include the redundant eigendirections Ψp). The cor-
rections due to the eigenvalue α0 coincides with analytic
corrections to scaling to µ and those analytic corrections
can still appear – analytic corrections (usually analyzed
as changes of coordinates in the control parameters) are
here also gauge corrections to scaling. Ref. [19] observed
this result numerically to lowest order for the logistic
map.
We can similarly derive a form for the corrections
to the scaling of g2
n−1
(0) which we call ∆xn following
Ref. [18] (see Figure 1). Asymptotically, these are just
given by α−n. To derive the corrections, we notice that
αng2
n−1
(α1−nx) is the same as acting the operator T and
so has a similar expansion
αng2
n−1
(α1−nx) = g∗(x) + ∆µsn
∑
p
apλ
n−1
p Φp(x). (14)
Evaluating this at x = 0 gives
∆xn = α
−n(1 + ∆µsn
∑
p
a˜pλ
n−1
p Φp(0)). (15)
We can include the corrections to scaling from the gauge
variables by assuming that the gauge and singular direc-
tions can simultaneously be brought to a normal form
(this would give a rectangular grid instead of Fig. 2c).
There is a subtlety here: gauge variables can not lead
to any new singularities and hence do not have any res-
onance terms in their flow even if their RG eigenvalues
have resonances [8]. Including the gauge corrections to
scaling then gives
∆xn = α
−n(1 + ∆µsn
∑
p
a˜pλ
n−1
p Φp(0)
+ ∆µsn
∑
p
b˜pα
(1−p)(n−1)Ψp(0)). (16)
Substituting the form of ∆µsn and using the series of
expansion of ap gives the full form of the corrections to
scaling of ∆xn. In this case, the gauge corrections to
scaling in the results should affect the value of ∆xn and
contribute to the observed behavior as is indeed seen to
lowest order in Ref. [19]. In Ref. [20], a change in scaling
behavior of ∆xn was seen under a change of coordinates
though a RG explanation was not given. The interpre-
tation becomes clear here, a change of coordinates will
affect the gauge corrections to scaling of ∆xn and hence
change its scaling behavior.
Since the leading scaling behavior of ∆xn is α
−n and
all of the gauge eigenvalues are α1−p for integer p, the
gauge corrections can simply be generated as analytic
corrections in ∆xn. This has a parallel in the 2-d Ising
model where the corrections to scaling coming from irrel-
evant variables predicted by conformal field theory can-
not be distinguished from analytic corrections. All of
the conformal field theory predictions are for ‘descen-
dant operators’ which are obtained by taking derivatives
of primary (relevant) operators. These operators have in-
teger eigenvalues. Normal form theory suggests that they
generically should lead to logarithmic powers which are
not observed in the square lattice 2-d Ising model. Mean-
while, the leading genuine singular correction to scaling
coming from an operator with eigenvalues −4/3 seems to
have zero amplitude in the 2-d square lattice Ising model.
Thus, Barma and Fisher [22, 23] had to use a double-
Gaussian model to find evidence for a genuine singular
correction. Our analysis here would suggest that the ir-
relevant operators predicted by conformal field theory,
and observed in the 2-d Ising model are all contributing
6gauge corrections to scaling (Swendsen was correct for
his model), whereas the irrelevant variable with eigen-
value −4/3 that Barma and Fisher observe is a genuine
singular correction to scaling.
VII. CONCLUSION
We have examined some deep questions about the
renormalization group in the context of period doubling.
We showed that there is some freedom to move the fixed
point of the RG associated with gauge transformations
in the coordinates of the map. We have also derived the
full form of the corrections to scaling of the period dou-
bling transition. In doing so, we propose a strategy for
systematically predicting corrections to scaling at criti-
cal points. One first goes to the sub-manifold with no
gauge correction to scaling and then to normal form co-
ordinates. Predictions of the RG which do not involve
the traditional ‘results’ variables are unaffected by the
gauge corrections. For the results however, the gauge
corrections do contribute in a manner similar to but yet
distinct from other universal singular corrections to scal-
ing. Our explicit analysis of the RG in period doubling
allows us to explicitly distinguish between genuine singu-
lar corrections to scaling and gauge corrections which can
be removed by coordinate changes. Rather than chang-
ing coordinates to get rid of the gauge corrections, they
can be retained in the analysis and are distinguished by
the fact that they lead to no new universal eigenvalues
but still contribute to the corrections to scaling in the
results.
We conjecture that the difference between such gauge
eigenvalues, and the universal eigenvalues associated with
the RG lies in the fact that these gauge eigenvalues are
some combination of already known eigenvalues of the
RG. The 2-d Ising model is an interesting example where
this conjecture can be tested. In period doubling, the
degree of freedom x and the parameter µ are both one di-
mensional and corrections to scaling coming from chang-
ing variables in either of them are easily derived.
In statistical mechanics, corrections to scaling due to
coordinate changes in the control variables (e.g., tem-
perature and field in the Ising model) are usually termed
analytic corrections to scaling [17]. Corrections to scaling
involving changing the results variables (e.g., the defini-
tion of spin or magnetization) are traditionally termed
redundant corrections to scaling. Here, noting the close
analogy between these corrections we propose to denote
both types of corrections as gauge corrections to scaling
(changing as we measure, or gauge, the various fields dif-
ferently). We also note that many irrelevant variables in
the renormalization group are indeed due to gauge de-
grees of freedom in the results variables, and conjecture
that these gauge-irrelevant eigenvalues and corrections to
scaling are best be understood as combinations of rele-
vant and singular-irrelevant eigenvalues.
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